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Abstract
The relationship between π-character and depth for the class of scattered Boolean spaces is studied
in [A. Dow, J.D. Monk, Topology Appl. 75 (1997) 183–199]. Some more results on this relationship
are then obtained here.  2002 Elsevier Science B.V. All rights reserved.
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0. Introduction
Let X be a topological space. Suppose that x ∈X and F is a family of nonempty open
sets in X. We say that F is a π -base at x , if for every neighbourhood U of x there is a
V ∈ F such that V ⊆ U (but not necessarily with x ∈ V ). Then, if x ∈ X we define the
π -character of x (in X) by πχ(x)= the least cardinal κ such that there is a π -base at x of
size κ . The π -character of the space X is then defined by πχ(X)= sup{πχ(x): x ∈X}.
Let X be a Boolean space. If ξ is an ordinal and τ = 〈Vµ: µ< ξ〉 is a sequence of clopen
sets in X, we say that τ is strictly increasing, if Vζ  Vµ for ζ < µ < ξ . Then, we say
that ξ is the order type of the chain τ . The depth of the space X is defined by depth(X)=
the supremum of all the cardinals κ such that there is a strictly increasing sequence of
clopen sets in X of order type κ .
A topological space X is scattered, if every subspace of X has an isolated point. It is
known that if X is an infinite scattered Boolean space, then |X| =w(X), where w(X) is the
least possible cardinal of some base of X (see [3]). Note that if X is scattered and x ∈X,
πχ(x)= the least cardinal κ such that there is a set I of isolated points in X of size κ such
that every neighbourhood of x contains some element of I .
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The relationship between π -character and depth for the class of scattered Boolean spaces
is studied in [1], where the following results are obtained:
(1) There is a scattered Boolean space X of size ω1 such that πχ(X)= ω1 but there is
no chain of clopen sets in X of order type ω1.
(2) If κ is a regular cardinal greater than ω1 and X is a scattered Boolean space such
that πχ(X)= κ is attained, then X has a chain of clopen sets of order type κ .
And as a consequence of the proof of (2), it is shown that if X is a scattered Boolean space
with πχ(X) > ω1, then πχ(X) depth(X) (see [1,2]).
Then, we shall obtain here some more results on this relationship. The organization of
this paper is as follows. In Section 1, we introduce some basic notions which will be used
in the rest of the paper. In Section 2, we show that if X is a scattered Boolean space with
πχ(X)= ω1 and such that every y ∈X with πχ(y)= ω has a countable local base, then
there is a chain of clopen sets in X of order type ω1. And in Section 3, we show that for
every singular cardinal κ of countable cofinality, if X is a scattered Boolean space such
that πχ(X) = κ , then X has a chain of clopen sets of order type κ . We also show in
Section 3 that the difference between π -character and depth in scattered Boolean spaces
can be arbitrarily large.
The results obtained in this paper can be immediately translated to the context of
hereditarily atomic Boolean algebras, since it is known that a Boolean algebra B is
hereditarily atomic iff its Stone space S(B) is scattered (see [3]).
1. Preliminaries
If X is a topological space, for every ordinal α, the α-derivative of X is defined by
transfinite induction on α as follows: X0 =X; if α = β + 1, Xα is the set of accumulation
points of Xβ ; and if α is a limit, Xα =⋂{Xβ : β < α }. Then, X is scattered iff Xα = ∅
for some ordinal α.
Assume that X is a locally compact, T2, scattered space. We make the following
definitions:
(a) For x ∈ X, we define the rank of x (in X) by ρ(x) = the ordinal α such that
x ∈ Xα \ Xα+1. And we define the rank of X as sup{ρ(x): x ∈ X}. Note that if
U is a nonempty compact clopen set in X, there are an ordinal α and a nonempty
finite subset {x1, . . . , xn} of U such that ρ(x1) = · · · = ρ(xn) = α and ρ(y) < α
for every y ∈ U \ {x1, . . . , xn}. Then, we write ρ(U)= α and t (U)= {x1, . . . , xn}.
Also, we write ρ(∅)=−1 and t (∅)= ∅.
(b) If U,V are compact clopen sets in X such that t (U)⊆ V , we write U ⊆∗ V . Note
that U ⊆∗ V iff ρ(U \ V ) < ρ(U), provided that U,V are nonempty.
(c) If U is a compact clopen neighbourhood of a point x ∈ X such that x is the only
point of U of rank  ρ(x), we say that U is a good neighbourhood of x .
Observe that if X is a locally compact, T2, scattered space, Y is an open subspace of X
and U is a subset of points of Y , then U is a compact clopen set in X iff U is a compact
clopen set in Y . We shall tacitly use this fact in the rest of the paper.
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Also, we say that a topological space X is locally countable, if every point of X has a
countable neighbourhood.
2. A basic result
Our purpose here is to prove the following result:
Theorem 1. Let X be a scattered Boolean space with πχ(X) = ω1 and such that every
y ∈X with πχ(y)= ω has a countable local base. Then, there is a chain of clopen sets in
X of order type ω1.
In order to show Theorem 1, we shall use the known fact that if X is an infinite scattered
Boolean space and κ is an infinite cardinal, then |X|  κ iff every point of X has a base
of size  κ . For this, we have that the implication from left to right is an immediate
consequence of |X| = w(X), and the implication from right to left can be shown by
induction on the rank of X as follows. Without loss of generality, we may assume that X
has exactly one point z of highest rank. Since z has a clopen base of size  κ , it follows
that {z} is the intersection of at most κ clopen sets. So, X is the union of {z} and at most κ
clopen sets not containing z. Then, applying the induction hypothesis, we deduce that each
of these sets has size at most κ , and so |X| κ . This argument, which has been suggested
by the referee, simplifies the original proof for this fact given in [4, Theorem 14.13].
Proof of Theorem 1. Let x ∈X with πχ(x)= ω1 and such that the rank of x is the least
rank of an element of X of π -character ω1. Let W be a good neighbourhood of x . Let
Y =W \ {x}. Note that since every point of Y has countable π -character, we have that Y
is first countable. Then, by the above fact, it follows that every good neighbourhood of any
point of Y is countable.
Now, we show that if ξ is a countable ordinal and 〈Vµ: µ < ξ〉 is a strictly increasing
sequence of countable compact clopen sets in Y , then there is a countable compact clopen
set U in Y such that Vµ U for each µ< ξ . First, suppose that ξ = µ+ 1 is a successor
ordinal. Since Y is not compact, Y \ Vµ is nonempty. Consider a point z ∈ Y \Vµ. As Y is
locally countable, we can take a countable compact clopen neighbourhood V of z in Y
such that Vµ ∩ V = ∅. Then, we put Vξ = Vµ ∪ V . Now, suppose that ξ is a limit.
Put a =⋃{Vµ: µ < ξ}. We have that a is countable, πχ(y) = ω for each y ∈ a and
πχ(x)= ω1. Then, we immediately deduce that x /∈ ClX(a), and hence ClX(a)⊆ Y . Now
since ClX(a) is compact and Y is locally countable, it is easy to verify that there is a
countable compact clopen set U in Y such that U  a =⋃{Vµ: µ< ξ}. ✷
3. The main result
In this section, our aim is to show the following theorem:
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Theorem 2. Let κ be a singular cardinal with cf(κ) = ω. Let X be a scattered Boolean
space such that πχ(X)= κ . Then, X has a chain of clopen sets of order type κ .
In the next result, by means of a pure topological argument, we refine the construction
carried out in [1, Theorem 2.6]. This result will then be used in the proof of Theorem 2.
Proposition 3. Let κ be a cardinal greater than ω1. Assume that X = Y ∪ {z} is the
one-point compactification of a locally compact, T2, scattered space Y such that Y is not
compact. Suppose that πχ(z)= κ and that there is a cardinal λ < κ such that πχ(y) λ
for every y ∈ Y . Then, there is a chain of compact clopen sets in Y of order type κ .
Proof. We show that if η < κ and 〈Vµ: µ< η〉 is a strictly increasing sequence of compact
clopen sets in Y , then there is a compact clopen set Vη in Y such that Vµ  Vη for every
µ< η. First, suppose that η is a successor ordinal ξ + 1. Since Y is not compact, Y \Vξ is
nonempty, and so we can take a point x ∈ Y \ Vξ and a compact clopen neighbourhood U
of x in Y such that Vξ ∩U = ∅. Then, we define Vη = Vξ ∪U .
Now, suppose that η is a limit. Put V =⋃{Vµ: µ < η}. Our purpose is to construct a
compact clopen set Vη in Y such that V ⊆ Vη. Since η is a limit, it is clear that V ⊆ Vη
implies Vµ  Vη for each µ < η, and so Vη is as required. In order to find such a clopen
set Vη, we construct by transfinite induction a sequence 〈(Hξ ,Uξ ): 0  ξ < γ 〉 with
0< γ  ω1 +ω such that the following conditions hold:
(1) Each Uξ is a compact clopen set in Y .
(2) If γ = ω1 +ω, then there is no ζ < γ such that Uζ ⊇ V .
(3) If γ < ω1 + ω, then γ is a successor ordinal ζ + 1 such that Uζ ⊇ V and Uµ ⊇ V
for µ< ζ .
(4) Each Hξ is a collection of compact clopen sets in Y such that:
(a) H0 = {Vµ: µ< η}.
(b) Hξ+1 =Hξ ∪ {Uξ } ∪ {W \Uξ : W ∈Hξ }, if ξ + 1 < γ .
(c) Hξ =⋃{Hζ : ζ < ξ}, if ξ is a limit ordinal with ξ < γ .
(5) If ξ < γ and W ∈Hξ , then W ⊆∗ Uξ .
Suppose that ξ < ω1 + ω and we have constructed the sequence 〈(Hζ ,Uζ ): ζ < ξ〉 in
such a way that Uζ ⊇ V for ζ < ξ . Then, we define Hξ according to condition (4). Our
aim now is to define Uξ . Proceeding by transfinite induction on µ, we can easily check that
|Hµ| |η + ξ | for each µ such that 0  µ  ξ . Then as η < κ , ξ < ω1 + ω and κ > ω1,
we deduce that |Hξ |< κ . Let
a =
⋃{
t (W): W ∈Hξ
}
.
Since a ⊆ Y , we have πχ(x) λ for each x ∈ a. Then as |a|< κ and πχ(z)= κ , we infer
that z /∈ ClX(a). But since ClX(a) is compact, there is a compact clopen set U in Y such
that ClX(a)⊆U . Then, we define Uξ = U .
Now, we use an argument similar to the one given in [1, Theorem 2.6]. Suppose that
γ = ω1 +ω. First, we claim:
(+) Suppose that 〈αn: n < ω〉 is a strictly increasing sequence of ordinals in the interval
[0,ω1+ω) and W ∈Hα0 . Then, there is a k < ω such that W ⊆
⋃{Uαn : 1 n k}.
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For, we define Wk = W \ ⋃{Uαn : 1  n  k} for k < ω. Note that W0 = W and
for k > 0, Wk = Wk−1 \ Uαk . We prove by induction on k that Wk ∈ Hαk+1 . We have
W0 ∈ Hα0 ⊆ Hα1 . Now, assume k > 0 and Wk−1 ∈ Hαk . Then, by (4b), we infer that
Wk ∈Hαk+1 ⊆Hαk+1 . Thus, by (5), Wk ⊆∗ Uαk+1 for every k < ω. Therefore, as Wk+1 =
Wk \Uαk+1 , we deduce that Wk = ∅ implies ρ(Wk+1) < ρ(Wk). So, there is a k < ω such
that Wk = ∅, and hence W ⊆⋃{Uαn : 1 n k}.
We infer from (4b) that Uµ ∈Hµ+1 for µ< ω1 +ω. Then, it follows from (+) that for
every µ<ω1 there is a kµ < ω with
Uµ ⊆
⋃
{Uω1+n: 0 n < kµ}.
Therefore, there are a natural number k and an uncountable subset S of ω1 such that for
any µ ∈ S,
Uµ ⊆
⋃
{Uω1+n: 0 n < k}.
Now, consider µ < η. By (4a), Vµ ∈H0. Then, we deduce from (+) that there is a finite
subset b of S such that Vµ ⊆⋃{Uζ : ζ ∈ b}, and hence Vµ ⊆⋃{Uω1+n: 0  n < k}. So,
we define Vη =⋃{Uω1+n: 0 n < k}. Clearly, Vη is as required. ✷
Proof of Theorem 2. Let κ be a singular cardinal such that cf(κ) = ω. Let 〈κn: n < ω〉
be a strictly increasing sequence of uncountable cardinals cofinal in κ . We distinguish the
following two cases:
Case 1. πχ(X) is not attained.
We shall construct a strictly increasing sequence 〈Uξ : ξ < κ〉 of clopen sets in X in such
a way that we shall choose a strictly increasing sequence of cardinals 〈λn: n < ω〉 such
that, for each n < ω, κn < λn < κ and {πχ(x): x ∈Uλn} is bounded in κ .
Let x0 ∈ X with πχ(x0) = λ0 > κ0 and such that the rank of x0 is the least rank
of an element of X of π -character > κ0. Let W0 be a good neighbourhood of x0. Let
Y0 =W0 \ {x0}. By Proposition 3, there is a strictly increasing sequence 〈Uξ : ξ < λ0〉 of
compact clopen sets in Y0. Then, we define Uλ0 =W0.
Now, suppose that for n  0 we have constructed the strictly increasing sequence
〈Uξ : ξ  λn〉 where κn < λn < κ in such a way that {πχ(x): x ∈Uλn} is bounded in κ . Put
W =X \Uλn . Let m ∈ ω such that κm  λn. Consider xn+1 ∈W with πχ(xn+1)= λn+1 >
κm and such that the rank of xn+1 is the least rank of an element of W of π -character> κm.
LetWn+1 be a good neighbourhood of xn+1 with Wn+1 ⊆W . Then, again by Proposition 3,
there is a strictly increasing sequence 〈Vξ : λn < ξ < λn+1〉 of clopen sets in Wn+1. Now,
for λn < ξ < λn+1, we define Uξ = Uλn ∪ Vξ . And we put Uλn+1 = Uλn ∪Wn+1. Clearly,
we can construct in this way the desired increasing sequence of clopen sets of length κ .
Case 2. πχ(X) is attained.
Let x ∈X with πχ(x)= κ such that the rank of x is the least rank of an element of X of
π -character κ . Let W be a good neighbourhood of x . Then we can find a chain of clopen
sets in W of order type κ , by using Proposition 3 if {πχ(y): y ∈W \ {x}} is bounded in κ ,
and by using the argument given in case 1 if {πχ(y): y ∈W \ {x}} is unbounded in κ . ✷
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The statement of Theorem 2 is not true, if we consider limit cardinals of uncountable
cofinality. To check this point, consider a limit cardinal κ such that cf(κ) > ω. Let
〈κα : α < cf(κ)〉 be a strictly increasing sequence of cardinals cofinal in κ . For α < cf(κ),
let Xα be a copy of the ordinal κα + 1 with the order topology. We assume Xα ∩Xβ = ∅
if α = β . Let X be the one-point compactification of the topological sum of the spaces Xα
(α < cf(κ) ). Let z be the point in infinity of X. Note that if 〈αn: n < ω〉 is a sequence
of distinct ordinals in cf(κ) and Yn is a nonempty subset of Xαn for n < ω, then z is an
accumulation point of
⋃{Yn: n < ω}. So, taking Yn = {βn} where βn is an isolated point
in Xαn , we infer that πχ(z)= ω. Now, observe that πχ(Xα)= κα for each α < cf(κ), and
hence we have πχ(X)= κ . However, since cf(κ) is uncountable, we can easily check that
there is no chain of clopen sets in X of order type κ . On the other hand, we do not know
whether for κ a singular cardinal of uncountable cofinality, there is a scattered Boolean
space X such that πχ(X) = κ attained and there is no chain of clopen sets in X of order
type κ .
Finally, we show that the difference between π -character and depth can be arbitrarily
large in scattered Boolean spaces. For this, let us consider a cardinal κ  ω1 and an
infinite cardinal λ with λ < κ . Our purpose is to construct a scattered Boolean space Z
such that πχ(Z) = λ and depth(Z)= κ . The construction is a refinement of the Boolean
algebra presented in [4, p. 161]. Firstly, we construct a scattered Boolean space X such
that πχ(X) = ω and depth(X) = κ . For every α  κ with cf(α) > ω let aα be a copy of
ω, in such a way that aα ∩ aβ = ∅ if α = β . Then, we define the space X as follows. The
underlying set of X is the set
(κ + 1)∪
⋃{
aα: α  κ, cf(α) > ω
}
.
We denote by T (κ + 1) the ordinal κ + 1 with the order topology. If U is a basic
neighbourhood of a limit ordinal α in T (κ + 1), we denote by U∗ the set
U ∪
⋃{
aβ : β ∈U, β = α, cf(β) > ω
}
.
For every α  κ with cf(α) > ω, we consider each point of aα as an isolated point of X.
Also, if α is isolated in T (κ + 1), then α is isolated in X. If α  κ and cf(α)= ω, a basic
neighbourhood of α in X is a set of the form U∗, where U is a basic neighbourhood of α
in T (κ + 1). And if α  κ and cf(α) > ω, a basic neighbourhood of α in X is a set of the
form U∗ ∪ b, where U is a basic neighbourhood of α in T (κ + 1) and b is a subset of aα
such that aα \ b is finite. It can be verified that X is a scattered Boolean space such that
πχ(X)= ω and depth(X)= κ . Now, let Y be the ordinal λ+ 1 equipped with the order
topology. Let Z be the disjoint topological sum of X and Y . Then, Z is as required.
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